Name:

Instructor:

Multiple Choice

1.(6 pts.) Evaluate the following limit:
. VAt +T—4
lim —.
r—3 xr — 3
Solution:

. 2 4+7—4 LoV T -4 a2+ 744
lim —— = lim .
z—3 Tz —3 z—3 Tz —3 vVl 4+ T+ 4
~ fim (x2—|—7)—16
e=3 (x —3)(Va? +7+4)
) x?2—9
= lim
@3 (x — 3) (Va2 +7+4)
— im (x —3)(x +3)
=3 (r — 3) (Va2 + 7+ 4)
i S 3
e=3 /12 + 7+ 4
3+ 3
V324744
6

8

2.(6 pts.) Evaluate the following limit:
i 2?2 + 3z + 2
lim ———.
o= =2 (x + 2)|x + 1

Solution:
Since |r + 1| = —(z + 1) when = < —1, and therefore when z is close to —2,
: 2+ 31+ 2 . (x+2)(z+1)
lim ———— = lim
o= —2 (v 4 2)|x + 1] o= -2 —(x+2)(x+1)
- -1
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3.(6 pts.) For what value a is the function f given by

( x+2

— x>0

2?2441
flz)=<a r=0

2

—1

v z <0

\z—1

continuous at x = 07

Solution:
For f to be continuous, lin% f(z) = f(0). It is easy to see that f(0) = a. Next, we want
T—r

to find 1ir% f(z). In order to do this, we need to calculate lim f(x) and liI(I)l f(z):
i d 2—0—

5 0 5 z—0t
T+ +
dm I = e T T @0
21 Dz —1
lim f(z) = tim Tt g D@D iy St
z—0~ z—0—  — 1 r—0~ xr—1 z—0~

Since lim f(z) # lim f(x), the lim f(x) does not exist. Hence, there is no value of a
z—01 z—0— z—0

makes f continuous at z = 0.

4.(6 pts.) Find f'(2), if

Solution:
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Use the differentiation rules to find the derivative. Finding the solution is fastest if you
substitute x = 2 before simplifying the result. Observe:

(v +2) cos(mz) — (V& + 2)(cos(m))

flw) = cos? mx
cos(mz) _
N + (Vx + 2)7sin(nz)
B cos?(mx)
cos(2m) ,
Y. + (V2 + 2)7sin(2n)
112 = cos?(2m)
1
o + (V2 +2)70
1
1

25
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5.(6 pts.) Find the derivative of f(x) = cos(cos(z?)).

Solution:
We must use the chain rule twice.

fix) = —sin(cos(z?))[(—sin(z*))(327)]

= 327 sin(2?) sin(cos(2?))

6.(6 pts.) Compute f'(1), if
fz)=(z+ 1322 + 2 +1).

Solution:
By the product rule, we have that

f@) = S+ D)V 4 1)+ (o )220+ 1)

In particular, this implies f'(1) = gﬂ(3)+\/2_3(3) = g\/ﬁ—i-ﬁ\/? =2 (g + 6)

_21V2
2
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7.(6 pts.) Tf f(z) = ﬁ find £O)(z).

Solution:

First, let’s write f(z) = (1 —x)~!, then

flx) = (=D —2)7*(~1)
(1—x)?

1
8.(6 pts.) Find the equation of the tangent line to the curve y = /x + — at x = 4.
x
Solution: p
x
First find y and T at x = 4. Then use the point-slope equation of a line to find the
Y

correct answer.

When z = 4,
1
y=Va+-
4
1
—924 =
+ 4
9
4
dy 1 1
de 2z a2
dy 1 1
de|, 2v/4 42
11
416
3
16
Therefore, the equation of the tangent line is
9 3
A O
R T
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9.(6 pts.) Find ¢/, if

32% + 2%y 4+ xy? = 1.
Solution:
We use implicit differentiation.

6z + (2zy + 2 (1)y) + (1)y* + 2(2y)y") = 0
62 + 2zy + 2%y’ + > +22yy’ =0
62 + 2xy +y* + o (2* +22y) =0
Y (2% + 2xy) = —61 — 22y — 1)
, (62 + 22y + )
- x? + 2xy

322 + 2Py +xy? =1

I
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10.(6 pts.) The graph of the function f(x) is shown below:
X =yf(X)

The graph of f(z) has a vertical asymptote at x = —1.
Which of the following is the graph of f'(x)?
(all of the graphs below have vertical asymptotes at = = —1).

Solution: As the derivative to the left of z = —1 goes to negative infinity, and the deriv-
ative to the right of x = —1 goes to negative infinity, (a), (b), and (c) are incorrect. The
derivative changes from positive to negative at x = —3, and from negative to positive at
x =2, s0 (d) is a perfectly reasonable sketch of the derivative.



Name:

Instructor:

Partial Credit
You must show your work on the partial credit problems to receive credit!

11.(8 pts.) Use the Squeeze/Sandwich Theorem to find

1
. 4 -
glglgl(l)l’ sin (x2+2).

Justify each step in your argument.

Solution: .

First, note that —1 < sin ( Gy 2) < 1. Multiplying these inequalities through by z*,
x

we have

1
A < gt
<z sm(m2+2)_$

And lim(—2*) = 0 = lim(2"). So, by the Squeeze Theorem, we obtain

x—0 x—0
lim z* sin 1 =0
oo’ ® 22+2)




Name:

Instructor:

12.(12 pts.) Find the derivative of

using the limit definition of the derivative.

Please include all of the details in your calculation.

Solution:

Proceed directly from the definition. Use algebraic rules to simplify the resulting limit

until the expression is continuous (as a function of h) at h = 0, then substitute.
Observe:

flx+h) - fx)

/ _-
fia) = Jim h
T+ h T
:hmx+h—2 Tz —2
h—0 h

— im (x+h)(x—2)—z(x+h—2)
o0 h(z +h—2)(x—2)
22 —2x+ hx —2h — 2% —zh + 2z

= e+ h—2)(z—2)
= lim —2h
h—=0 h(x +h —2)(z — 2)
= lim =2
h—=0 (x + h — 2)(x — 2)
- 2
C(@-2)

To double check your work, you can verify that this is the same answer you get using the
quotient rule.

10
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13.(10 pts.) Consider the following table of function values:

r=1 | =2
flr) | -1 3
)| 1 2
g() 2 1
J@) | -2 1

(Show all of your work below for credit)

(1Y
(a) Find <§> (1).

Solution:
The quotient rule says

Therefore,

A eAW) - Fg )
( ) @ (g(1))?
@2)(1) - (~1)(-2)

22

2-2

4
= 0.

(b) Find (fog)'(2).
Note: (fog)(z)= f(g(x)).

Solution:
The chain rule says

(fog)(x) = f(g(x)d (z).

Therefore,

11
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f'(g'(2) =

N1 =(-1)
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14.(10 pts.) Katniss is moving along the parabola y = x?+2 shown below. As she moves,
the x coordinate of her position is decreasing. She is shooting arrows at a a bunch of
malevolent baboons which are attacking her as she moves. Her movements are limited
so that when her arrow leaves the bow it will follow the path of the tangent line to the
curve (in the direction in which z is decreasing as shown below). An angry baboon is
positioned at the point B(0,0). What are the coordinates of the point K on the curve
at which Katniss should release an arrow in order to hit this baboon?

y=x2+2
y

B(0,0)

Solution:
We need to find the point on the graph where the tangent line interesects (0,0). Let
f(x) = 2%+ 2, and let K = (x9,10). The slope of the tangent line at zq is f'(z¢), and an
equation for the tangent line at this point is given by:
Yy — Yo = f'(w0)(z — o)
Note that we want both (0,0) and (zg, %) = (%o, 22 + 2) to lie on this line, hence:
0— (22 +2) = f'(20)(0 — zp).
As
f/(x()) = 21'()7
this means that
24+2=212 = 22 —2=0= (20 + V2)(z0 — V2) = 0.
In other words, (v/2,4) is our desired point. (Note: Katniss is moving to the left, so she
is not facing the right direction at zg = —v/2 )

13
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Rough Work

14




